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ON L? ESTIMATES FOR INTEGRAL TRANSFORMS

BY
T. WALSH

Abstract. In arecent paper R. S. Strichartz has extended and simplified the proofs
of a few well-known results about integral operators with positive kernels and
singular integral operators. The present paper extends some of his results. An
inequality of Kantorovi¢ for integral operators with positive kernel is extended to
kernels satisfying two mixed weak LP estimates. The ‘“‘method of rotation” of
Calder6n and Zygmund is applied to singular integral operators with Banach space
valued kernels. Another short proof of the fractional integration theorem in weighted
norms is given. It is proved that certain sufficient conditions on the exponents of the
L? spaces and weight functions involved are necessary. It is shown that the integrability
conditions on the kernel required for boundedness of singular integral operators in
weighted L? spaces can be weakened. Some implications for integral operators in R®
of Young’s inequality for convolutions on the multiplicative group of positive real
numbers are considered. Throughout special attention is given to restricted weak
type estimates at the endpoints of the permissible intervals for the exponents.

0. Introduction. The present paper attempts to answer a few questions raised
by a paper of Strichartz [25] and the following example may be illustrative of its
contents. As usual, for x € R* let |x|=(37., xf)"/2. It was shown by Stein [22]
that if Q is positively homogeneous of degree zero, bounded and of mean value
zero on the unit sphere S*~! in R™ and K(x)=Q(x)|x| ™ then the singular integral
operator T defined by Tf(x)=p.v. K * f(x)=lim,_, f,x_un K(x—1t)f(¢) dt satisfies

f TPl x| dx < A2 f Lf(0)[?|x|2® dx

for 1<p<oo, —n/p<a<n/p’. Here and in what follows p’ denotes the exponent
conjugate to p, i.e., 1/p+1/p’=1. Strichartz showed that it is sufficient to require
QelLy(S""1), g=max (p,p’), ¢>2(n—1) and conjectured that the condition
g>2(n—1) is not necessary (Theorem 6 of [25]). It is proved in the present paper
that 1/g=1—|«|/n is sufficient which in particular shows that g>2(n—1) is not
needed (Proposition 7).

NoOTATION. As in [25] let (X, Z, n), (Y, &', v) be totally o-finite measure spaces,
K(x, y) a measurable function on X x Y and define Tf(x)= [ K(x, y)f(») dy where
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for simplicity dy, dx are written for dw(y), du(x). For f measurable let A;, f* denote
the distribution function and decreasing rearrangement of f on (0, o) respectively.
Further as in [13] set

© l/q
1702 = LAPEeo0 = (alp [ Lo di)
170 = IAHE=COT = 1741,

where

1r
FEHE) = 24, r) = Sup{(IEl'lflf(x)l'dx)  |E| 2 t},
O<rsl, r=sq, r<p

and for simplicity |E|=pu(E). If F is a Banach (an s-Banach) space L?(X, F) will
denote the space of F-valued measurable functions on X such that || f|r € L?(X).
Also let LP9(X x Y)=L%Y, L?(X)). The norm of L*® will also be denoted | |5,
(cf. [2]). For f measurable on X x Y define

XP1% Ypoqcf = "¢"P101 where (P(X) = "f(X, ')"Poqo'

It will be convenient to define X§:% YZo%f analogously by replacing | - ||, by the
quasi-norm |- ||¥, for i=0, 1.

1. An extension of an inequality of Kantorovi¢. It is well known (see [14]) that if

) X0Y%K = My, < o, YuX'1K=M, <©
then

provided, for some 6, such that 0<0=<1
3 Ir = (1=0)/ro+6/r,, 1/s = (1—0)/so+0/s),
4 (1-0)/so+6/r, =1, (sz D).

If the hypotheses are weakened by replacing the L? (quasi-) norms in (1) by
weak L? (i.e., L?®) (quasi-) norms there is a corresponding weaker conclusion
given by

PROPOSITION 1. Suppose X7o® Y*0*K=M,, Y>»*X"1*K=M, and (3) is satisfied
with0<0=1. Then

17f N0 = BM§-°Mi| f]
provided s> 1 and

(5) (1= 6)/so+6fr, < 1.
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Here B denotes a finite constant depending on rg, ry, Sy, 51, and 0. If also 0<0<1,
ro#ry, O<u=oo (and My, M,=1) then

"Tf"ru é B(MO""MI)"f"s'u-

This is Theorem 2 of [25] except that the assumptions on the exponents are less
restrictive. Theorem 2 of [25] in fact follows from the Marcinkiewicz interpolation
theorem for L?? spaces (see [13]) and the following

LEMMA 1. Suppose My=X*Y?¥K< oo,

6) l<p,1=s or p=s=1 and q,t>0
then
™ 1Tf Nl < BMo| S| ps-

If M,=Y?"X%K <00,
® l<p,12s or p=s=1 and 1<q, 15t or g=t=1
then

(€) 1Tf e < BMy|f]ps-

Proof. Let K, f20. (7) follows from [ K(x, y)f(y) dySB|K(x, -)|ps| flps- As
for (9), by Minkowski’s inequality for integrals, provided L% is a normed space

|[KCr0r @] s [IKC)1afG) dy S BT

With the present notation which differs somewhat from that of [25], if 1 <5, <0,
l1<r;<o,0<ry<00, 1 <s; <o then by Lemma 1

1Tflrow < BMo|fllga and |Tfllrw < BM| S

so that the Marcinkiewicz interpolation theorem implies Proposition 1 in this case.

Proof of Proposition 1. Consider T(K,, K;, f)(x)=j' Ko(x, y)Ki(x, ) f(») dy.
Suppose XTo% Y%%K, <00, Y5%1 X" K; <00 and furthermore that there exists ¢
such that 0<¢<1 and 1—1/(so(1—1¢)), 1 —1/(ve(1—1)) in place of 1/p, 1/s satisfy
(6) and 1—1/(s,2), 1 —1/(v42), 1/(ryt), 1/(u,t) satisfy (8) in place of 1/p, 1/s, 1/g, 1/t.
Then by Lemma 1

| T(Kos K1, ) lrocz -t3,u0c -85
< BXTo-0:46(1=0 Y61 =060 =K ) K, [l o |/ tsuct - 1006t 1
and
[T(Kos K1y f)|ritsuste S B Kol w Yor#it XT84 (K) | f |51y, orty>
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hence by the complex method of interpolation (see 10.1 of [5] which extends to
s-Banach spaces, see [9], [13], required since L"o% is not necessarily a Banach space)
with a possibly different B

(10) " T(KOa Kl,f)"ru é BXTo% Ysovo(Ko) Ysllerlul(Kl) "f"s'v’
where r-l=rgl4+rit, ul=ugt+urt, s l=sgl+s7t, v-i=vg5l+ert. By the
above, ¢ must satisfy max (r;?, sy ) <t=<1-—s5* hence s=1 and
(11) 1/So+l/rl <1
If on the other hand the latter two inequalities hold 0=<¢=1 and the inequalities
for r,, s, can be satisfied. Thus if r,=u,, s;=v;, (11) (and s=1) is sufficient for (10).
(In this case B=1.)

If uy=v,=00 for i=0, 1, Lemma 1 requires max (1/ry, 1/s;) <t<1—1/s, hence
s>1, 1/so+1/r; <1 is sufficient for

1T(Ko, Kis )]0 S BXT0® Y0°(Ko) Y1 X"1°(Ky)| f | s12-

Inequalities of Kantorovi¢’s type can be deduced from this by letting

(12) K, =K% K, =K°® forsome0=<6=1.

In fact it follows from the definition of |- ||, that || |f|® [ ,o= /5.6 for 6>0.
(If f**(¢, r) is used in the definition of | f||,, then /8 has to take the place of r in
the definition of || |f|® ||pe-) From the hypotheses of Proposition 1

X T0/(1=6)u,/(1-6) Ys/(1~8),v,/(1 —0)(| K l 1 -9) = M(l’ - 0,
Y s1/6-v,16 X'z’”*“1'9(| Klo) = Mf-

Hence if (3) is satisfied and ry=u, s;=v, for i=0, 1, then |If|, S M§°M!|f|s
provided (1—0)/so+6/r; <1 and (s= 1) which is Kantorovi¢’s inequality (2). The
proposition follows likewise from the above.

That in general the condition (1 —6)/s,+ 6/r; <1 cannot be weakened beyond
replacement of < by =< can be shown as follows.

PROPOSITION 2. Let X, Y both have the property that for any two measurable
subsets E,, E,, E,<E, of finite measure there is another subset E; disjoint from E,
such that the measures of E, and E; are the same. Then in order for

T(Ko, Kiuf) = [ Kocs DK 2F0) dy
to satisfy
(13) IT(Ko, Koy law < BX0% ¥oao(Ko) Y1 Xu(Ky) | f
(with B independent of K,, K, f), it is necessary that

(14) 1ro+1/s,+1/p—1/q = 0.
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. Proof. It seems slightly more convenient to work with the quasi-norms |- |*.
Let then B be minimal in (13) with the norms starred and all of K, K;, f vanishing
outside sets of finite measure, of the special form Ex F in the case of K, K;. For
0<n <1 there exist then simple functions Kj, K3, f such that

k1l 1
(15) K, = Z af'xep, = z by, at,beR, i=0,1
kI=1 =1

where x,, ¢, are the characteristic functions of two sequences of mutually disjoint
sets {Exh ks, and {F}1 <;=,, respectively, and for which

(16) | T(Kos K, NllTe > Bl Ko *|Kul* [ 130 (1Ko]* = XM Yioto(Ko)).

By hypothesis there exist sequences of mutually disjoint sets {Eg}y <x<x,> {Fit1=i21,
in X, Y contained in the complement of kL, E, and \JjL, F; respectively such
that |E,|=|Ex|, |F)|=|F{| for 12k=<k,, 1ZI</]. Let xi, ¢; be the characteristic
functions of Ej, F;. Define

I
K = d%el,  f =D b,
1=1

Ki~ = Kl"'-[(i,’ f~ =f+f” i= 0, 19
then A,~(¢)=2A,(¢) hence (f ~)*(¢)=f*(¢/2). Thus
an I1f~ 130 = 2Y2 f 13-

Similarly
1K |* = 27| Kol*, KT |* = 2| Ky]l*,
1T, KT, f )3 = |T(Ko, K, )+ T(Ks, K1, f)|Fo = 219 T(Ko, K1, f) |70
So by the definition of B
2Y4|| (Ko, Ky, f) | ¥ < B2Yro*Usi 12| K | *|| Ky | *| f]| e

This and (16) imply 21/7o* /s, +1/p=-1/a5 4 Since <1 was arbitrary (14) follows.

REMARK. Proposition 2 holds in particular if X, Y are noncompact locally
compact (second countable) groups provided with left-invariant measure. The
above argument was suggested by the proof of Theorem 1.1 of [12]. If u<co the
simple functions are dense in L?*. Hence it follows from (17) that likewise if T"is a
continuous linear operator from L?*(G) to L*(G) where G is a noncompact locally
compact group, T(f(a.))=(Tf)(a.) for any ae G and g<p <0, v<o0, then T=0
(u may be replaced by any smaller positive exponent). In case v=00, 1 <g<p<o0,
u> 1, it follows by consideration of the adjoint of T that 7'=0.

LEMMA 2. Let X, Y be, more particularly, continuous measure spaces of infinite
measure such that (13) is valid for all Ky, K, f then

(18) /g = 1/ro+1/r,  1/p+1/so+1/s1 = 1.
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Proof. For any triple K,, K;, f of simple functions of the special form (15) and,
any ¢, >0 there are mutually disjoint sets E and F} such that |Ef|=¢"1|E,],
|FP|=7"1|F)]. Let x§, ¢] be the corresponding characteristic functions

2%
fr=2 bgl, K= aiel, i=0,L

=1
Then
/30 = 2221 13w |KE"|* = =My~ ts| K |*,  i=0,1,
and
" T(Kg'"’ Kf'",f")"fm = ,,)—le—llq" T(KO> Kl,f)";kw

¢
Hence ¢~ 1/a+ 1o+ liry=1+1ise+1/s +1/p jg hounded for e, 7 >0 and (18) follows. Note
that in the present situation (14) is equivalent to (11).

CoroLLARY. If for T(K, f)(x)=[ K(x, y)f(») dy,
ITK, g < BXTo¥0 ¥ o%(K) =0 Y 1*1 X"1“1(K)°|| f | pup

with B independent of K, f, then, in the situation of the preceding lemma, (3) and (4)
must be satisfied.

This follows similarly by proceeding with K as with K;, K; above.

2. Variable kernel singular integral operators. §4 of [25] is concerned with
singular integrals of the form

(19) Tf(x) = p.v. fH(x—y)f(y) dy(x)

where H(t, x)= H(x)(t)=Q(¢, x")|x| =" for x'=|x| ~*x and Q is a function on S$™~*
with values in the space L2 (LI consists of the tempered distributions f on R such
that f(1+]-|2)%/2=g, where g € L¢ in this case | f]|,.=|g| . see [4]). By heavier
use of the results of Calderén and Zygmund about singular integrals based on the
“method of rotation” in [8] stronger results can be obtained for LI valued kernels.
In particular Q need not satisfy any smoothness condition (as a function on $*~1).

PROPOSITION 3. Let Z be some measure space, Q € L“P(R*x S"~1), 1 <g<oo.
Suppose also the even part Q,, say, of Q is in Llog* L(S™~*, LY(Z)) and has mean
value zero (in LY(Z)) on S™~1. Let the completed tensor product of L°(R") and LY(Z)
with the projective norm (see [26)]) be denoted L*» & Li=L?(R™) & L(Z). Then, if
also Q;=Q—Q,, 1<p<o0,

lp.v. H*f|[L* & L]
S Cp(1+[Q|[L log* LS™~ %, LAZ))]+ | Q4 [[LS™ %, LAZ)D] f 15

Proof. Suppose first of all Q is odd, i.e., Q(—x)= —Q(x). Then (see [8])

(20)

flx_wn H(-, x=y)f(y) dy = Lm Q(, V) felx, y') &y’
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where fi(x, y) =fm > J(x—1y")t =1 dt and dy’ denotes the element of area on S™ 1.
Hence

f.._y,n H(-, - =y)f(y) dy “ [L4(Z) & L7(R")]

= L”'l "Q(, y’)f;(" y’)"[Lq(Z) ®LP(R1L)] dy'

= fs,,_l 12C, Yol C 2o @Y < Coll QS -

It remains to consider the case of even Q. It is sufficient to observe that the
reduction to the case of odd kernels via the formula f=3>7"_, R(Rf), where Rf=
(R.f, ..., R,f) denotes the Riesz transform of f, given in [8], can be carried over
to kernels with values in LY(Z) for 1 <g<oo. This argument is based on the fact
that the Riesz transform of a real valued function in L(log* L+ 1)(R") is locally
integrable. The analogous result holds for L? valued functions. For if K denotes
the Riesz kernel K(x)=c; !|x| ™"~ x then for all ze Z

K. *f(z, )l§ = Cillf(z s
and integration over Z gives

IKe * FIILYR", LY(Z))] £ ColfIILYR", LA(Z))).

I\

IA

Also K satisfies the condition
Q1) fl oo [KG=3)=K()| dx S C forall ye R
Hence by Theorem 2 of [1]
IRFIILA(R?, LYZ)] = lim K, +f] = G o FIILP(R", LAZ))]
where C, ,=0((p—1)"?) for p | 1. According to [27, p. 119, 4.41(ii)] the latter
estimate implies that for fe L(log* L+ 1)(R", LYZ)), Rf € Lioo(R*, LY(Z)).

An extension of the argument of [8] to L? valued kernels to prove (20) also
requires an estimate analogous to (20) for an L? valued maximal function defined by

T*/(x) = supe™™
e>0

f Q*(., ¥)f(x—y)dy| where Q* e LY(S""1, LY(Z)).
lylse

That in fact
IT*AIL” & L] < G| QIL(S™~%, L2 f

for 1 <p=o0, 1 =g =00 follows by analogous modification of the argument of [8].

By application of continuous linear operators corresponding to continuous
bilinear operators on L? x L to the left-hand side of (20) various corollaries can be
obtained.
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COROLLARY 1. Suppose the measurable function Qe L'(S™~!, LL(R™)), where
u>gqfn, Q has mean value zero on S™~' and the Li-norm of the even part of Q
belongs to Llog* L(S™~'). Then T defined by (19) satisfies | If ||, < Cp,q, (| fl»
Sfor 1<p<oo.

Proof. Let J* denote the isomorphism between L? and L defined by (J¥f)™
=(14]-]?)~%2f and define Q~* by Q~%(-, x)=J ~*Q(-, x) and H ~* analogously.
Then by Proposition 3

Ip-v. H=** fI[L? & L] £ C(DI -

Hence
Ip-v. H*f|IL? ® L] < C(D|f],-
Now by Sobolev’s inequality for any x € R",

“pV H*f(" x)]lw = "pV H*f(, x)"P-“’
hence
1Tf1l> = Coullp-v. H * f||[L*(R", Li(R))]
< Coullpv. H*f|[L? & LE] £ Cp o (DS |-

REMARK. Suppose Qe LY(S"~1, L?(R")) and now fe LI while the remaining
conditions are altered in the obvious manner. Let Tf(x) be defined by evaluation
of the (continuous) function (p.v. H *f)(x, -)=p.v. H * f(-)(x) € L{ at x. Then
" Tf||p§-cp,q.u(ﬂ)"f"a,u' This follows similarly from "ﬁ'(’ y,)"a,ugcq,u"f”q,u (a

consequence of the fact that the operation f— f,(-, y) commutes with J*).
For simplicity the next corollary is stated only for odd kernels.

COROLLARY 2. Suppose Q(x,y)=—Q(x, —y') and Qe L*Y(R"xS""Y), 1<
p<, 1Z21/r=1/p+1/q then T defined by (19) satisfies

22 17f1: = CollQl@nll fllo-

Proof. By Proposition 3, (20) is satisfied (Z=R"). By Holder’s inequality the
bilinear map (f, g) — fg is continuous from L?(R") x L%(R™) to L". This implies (22).

Corollary 2 might be compared with Theorem 4.1 of [7] which deals with
kernels in L®9(S™~1 x R") where 1 <s.

3. Fractional integration in weighted norms. First a result needed repeatedly
later will be proved.

LeMMA 3. Let f be measurable on X x Y then
(23) Ifl% < X?Y2°f.
(For the case f(x, y)=f1(x)fa(y) see O’Neil [19, Theorem 11.4].)
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Proof.

17152 = sup e20(0) = sup [ Neso(®) i < [ sup Aot i
>0 t>0 X X

= [ 176 iz .
X .

REMARKS. Obviously, if for a.e. x and all >0, A, ,(t)=|f(x, -)|3? then
equality holds in (23). Thus if f=f, f5, f; € L?(X), f; measurable on Y and such that
No£)=Ct = then t7Asee ()= Ar,(t]| fi(¥)) = C| /(9" and hence | f ] =CIfl,
(cf. [19]). Since |-|¥, and |-|,« are equivalent it is also true that |f],.=
C,X?Y?>f Infact C,=1. Forif r£1, r<p and E,={y : (x, y) € E}; then

1/r
Iflpw = sup t22f**(t, r) = sup t"’(lEl"f |f(x, p)| dx dy)
t>0 |E| =t E

IIA

1/r
sup t”"(lEl‘lf |Exl =2 fx, 5o dx)
1EI12¢ x

IIA

Ur-1/p
sup tllplEl—llr(f |Ex| dx) XrYr> f.
|EI2¢ X

For p<oo there exist functions f such that | f],, =00 while X?*Y?f<oo. It is
sufficient to show this for p=1. Let X= Y= R, and f the characteristic function of
{(x,y) : xy<1} then A;=co while Xj°Yf=| |-|7! |[f-=1.

COROLLARY. For f measurable on Xx Y, 1<p<co, X* YRS | f|}.
Proof.
xovey= swp [176x e dx
Nl 51

=p~t sup o ff(x. »)g(x, y) dx dy

Xp'yP g

spt sup | flx,y)g(x, y)dxdy.

lollyr 0 S 1
= || fl3-

By interpolation between these inequalities and | f],=X?Y?f it follows that
there is a B, >0 such that | f||,, < B, X?Y?*fforO<p<u<ooand X?Y?f< B, | f|pu
for 1Susp< 0.

ExaMpLE. Consider g(x)=Q(x)|x|~* where Q is positively homogeneous of
degree zero and ||Q|[L**(S™~ )] <oco. Since dx=dx'r*~* dr for x=rx', |x'| =1, it
follows that

lr=2|[LM* (R, r*~* dr)] = sup t""‘J' \ rm-ldr
r-A>t
t—1/A

= sup t""‘f m-ldr=n"1,
]
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hence | g]¥r o =n"1| Q. (By the above remark equality holds.) This implies
Muckenhoupt’s theorem [17]:

@4 lg*fles Clfl,,  lg=1lp—@m—N/n, 0<lg<lp<]l,

(cf. [19, 11.17)).

Another short proof of the fractional integration theorem in weighted norms
can be given by means of the multiplication and convolution theorems for L??
spaces with a somewhat enlarged range of values for p, g (see also [10]). As usual,
let «* =max (e, 0), «~ =max (—«, 0).

PROPOSITION 4. Suppose 1/p’+1/g=(c+B+7y)/n,
(25) 0y<n a+B20, 1/pZa*/n, 1/g=B*/n, O<uzsv
[ 4

except if 1/p'=a*[n or 1/gq=B*/n (or both, hence o, 820, y=0) in which case
l=u=0" and I,f(x)=] |x—t|77f(t) dt, | f|pu.c= S| |*lpu- Then
15 e, -5 = Clf lpuse-

Proof. Let M, f(1)=t|~%f(t), Lf(1)=|-|~* * f(2), Tf(x)=[ K(x,y)f(y) dy where
K(x, y)=K, , 4(x, y)=|x|"#|x—y|~?|y| ~* and distinguish three cases.

(I) Suppose «, 8=0. Then by the multiplication and convolution theorems (see
[13, Theorems 4.5, 4.10)),

1T lew = IMpLMofllaw = ClLMef |lpew £ ClIMef |lpyu = C|fllpu
where 1/g=1/po+B/n, 1/po=1/p,+y/n—1, 1/py=1/p+«/n, since by assumption
121/p;>1/ps=1/p+(a+y)/n—1=1/g—B/n=0 with 1/p;=1 or 1/p,=0 only if
u=v'=1.

If one of «, B<0 estimate K(x, y) separately according as (a) |x|/|y|<1/2,
(b) 1722 |x|/|¥1£2, (©) 2<|x/| »].

(1) «<0, now 1/p'20, 1/g=B/n>(«+p)/n. If (a) or (b) holds then K(x,y)
SClx—y|7yl*7%, if (© K(x,y)SClx—y|~**|y[7%, («+y)/n=1/p’'+1/q—
B/n=0. Hence by case (I) T maps L** boundedly into L.

(ITI) B<0, now
(26) 1/p" 2 o/n > («+B)/n, 1/g 2 0.

If (a) then K(x, y)= Clx|=%|x—y| =", (y+B)n=1/p'+1/g—a/n 20, if (b) or ()
then K(x, ) < C|x|~*~#|x—y|~*. By (26) and by case (I) the assertion follows.

REMARKS. In those cases when L% is a normed space (IIT) can be obtained from
(II) by passing to the adjoint. Suppose Q, £, Q; =0 are homogeneous of degree 0.
Since Q € LM%(S™~1) implies Q|-|~* € L"* = (by Lemma 3) it is easy to see that if
instead of |-|% |-|~# the more general weight functions |- |*Q,, |-|~#Q, are used,
then

NI [T %Nl [ Pllew £ ClFQo| - [*lpu
provided in addition Qg! € LM@-e" -E7)(gn-1) Q, g [MB-e” ~ET)(§n-1)

Q eLn/(r-m' -B")(Sn—l).
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Proposition 4 raises the question whether the conditions p<q (if p=u, g=v),
«+B=0 are necessary.

PROPOSITION 5. Suppose

Tf(x) = f Qx—Px—y| ") dy,  wo®) = QD)|x[*,
wy(x) = Q(x)|x| %

where Q, Q,20, Q, Q,, Q, are positively homogeneous of degree 0 and none is 0 a.e.
I || fl 5,00 = |l fwoll» then in order for

@27 1T llewr = ClS llp6
to hold it is necessary that p<q.

Proof. Define the continuous linear maps 4: LP(R3, L?(S™~1)) — L%, where the
multiplicative group of positive real numbers R} is provided with Haar measure
dift, by (Ag)x)=g(|x|, x)|x| ~*~ Q5 *(x), (x'=]|x|~*x) and

B: L%, — LY(R:, LY(S™"1))
by (Bg)(2)(0)=g(to)t ~£+™4Q, (o) for ¢ € S*~1. Then BTA is continuous, linear and
different from 0. Also, if for u>0, g#(¢)=g(ut), then

BTAgu = #a+n/pBT(Ag)u - ‘La+nlp—n+yB(TAg)u — #a+nlp—n+1+ﬂ-n/q(BTAg)u

hence necessarily 1/g=1/p+(e+B+v)/n—1 and BTA is invariant under multi-
plication. Theorem 1.1 of [12] is valid for any noncompact locally compact group
instead of R", hence if p <oo then p<g.

The same argument works for relatively dilation invariant operators, i.e., such
that for some real number p T(f*)=p*(Tf)*, in particular, for singular integrals.
In the present case of integrals, if p=00, g <00, BTA must vanish on those g which
satisfy lim,_, ., g(¢)=Ilim,_, g(¢)=0, hence by Fatou’s lemma BTA=0. It follows
that T=0 whenever p >gq.

For simplicity let now wo(x)=|x|?%, w,(x)=]|x| % and

L ={f: “f"pa,a = "fl"a"ml < oo}.

PROPOSITION 6. Let T be continuous, linear and translation invariant from L% to
L3. If T is not 0 and p< oo then «+B20.

Proof. Let A,={x : e<|x| <&~} then there are ¢ € LZ, ¢>0 such that supp ¢
<A, and |[(Tp)xa,llq, -s= ¢ If e is any unit vector

Io(- ~hle S [16IPIxl dx _max_ (ix-+pellx| =) < Coau?
for p=2e~1, say. Likewise
I1T9(- —p&)la,-s 2 [Tple,-s _min_ (Ix+ue|~?|x|’) 2 D, pu=? forp 2 2¢7*

e=|x|se-1

where D,z >0, hence p~%~# must remain bounded as p — oo, thus «+8=0.
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For singular integral operators 1/g=1/p+(«+B)/n, «+B=0, p<q imply p=gq,
a=—§.

REMARKS. Proposition 6 holds for L*? spaces. Specifically T': LE* — L%’; under
the remaining hypotheses of Proposition 6, if u <o, implies T=0 or «+820.

Propositions 4, 5, 6 are easily extended to the case of metrics and kernels with
generalized homogeneity in the sense of [20] and integration over subspaces of R*
as follows. Let P be an n x n real matrix and for A>0 denote the linear transforma-
tion of R"eP°¢* by #(}). It is assumed that |7(A)x| = A|x| for 0<A=1 and any
x € R™. Consequently the relation |#(r(x)~1)x|=1 for x#0 defines a metric with
the property r(w(A)x) = Ar(x). Assume further that X={x : x;=0, n, +1<j=<n} and
Y={x: x;=0, 1 £j<n—ny} are invariant under P. Let P,=P|X, P,=P|Y and
let a, be the trace of P, for j=1, 2. If

al/P,+a2/q = “+B+‘)” 0 é Y < min (ah a2)9 “+B g 0,

(28)
a*lay < 1/p’,  B*laz =1lg, O<usvw

exceptif 1/p’=a*/a, or 1/g=PB*[a; when 1 =u=v" and if If (x) = [, r(x—y) () dy
then |[(N)r 2| [L=(X)] < C| /| [L7( Y)].

The proof is as that of Proposition 4 except that in place of the convolution
theorem Krée’s generalization of Kantorovi¢’s inequality (see [16]) contained in
Proposition 1 is used. Note that if K(x, y)=r(x)"%r(x—y)~'r(y)~“ then

Y*X4"*K < oo, X2Y%lr°*K < o0,

By means of the preceding remarks it is easy to construct an example, somewhat
similar to that of [3] showing that the Marcinkiewicz interpolation theorem does not
hold above the main diagonal. Let K, , 4(x, y)=|x| ~#/:(|x| o1 + | y |Mo2) = 7| y | ~ %%
for X=Y=R. Then it is easy to see that for Ti,,f(x)={ Kus(x, »)f(¥) dy,
| Tevsf lawS C|lfllpu provided (28) holds (if a;, @521, |x|Y1+|y|% is a metric
equivalent to r constructed above for P=diag (a,, a;)). Let (1/p;, 1/q;) (i=0, 1) be
such that 1/po<1/p;, 1/g0<1/q:, 0=1/p; =1, 0=1/g, <0 and

(29 1p1—1/po, 1/g1—1/g0 < 1.

Let the line through (1/p;, 1/¢;) (i=0, 1) have equation a;/p’ +a,/q=c=0. By (29)
a,(1/po—1/p1) =ax(1/g:—1/go) <min (ay, a;). Let vy, o satisfy a,(1/po—1/p))<y<
min (a5, a5), y=¢, ai/po—ySasay/py, thus B=a,/po+as/qo—a—ySas/qe; also
a+B=y—cz0. Hence T,,,; is of restricted weak types (p;, ¢;) for i=0, 1, but it is
not of type (p;, ;) for pit=(1—t)ps +1tp7?, ¢:=(1—1t)q5*+q:r?, 0=5t<1, unless
Pp:=gq; by the argument of Proposition 5.

4. Singular integrals in weighted norms. The following proposition weakens
the integrability conditions on Q given in Theorem 6 of [25]. (The conditions have
been weakened still further by recent independent joint results of Muckenhoupt
and Wheeden.)
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PROPOSITION 7. Suppose Q is homogeneous of degree 0 and has mean value 0 on
S K(x)=Q(x)|x| ™. Let

TS = [ Ka-y)fO)dy, T =lmTf = py. K.

x-yl|
Suppose T, is bounded in L? independently of ¢ >0 for some p, 1 <p<oo. If —n[p<
a<nfp’ and Q € LY(S™~*) where

(30) 1/g £ 1~ |el/n

then T is bounded in L?. If o= —n/p or n/p’ then T is bounded from LE* to L2*.
Finally if T is of weak type (1, 1), i.e., |Tef |10 2 C||f]1, C independent of >0,
Q e L+Y(S™1) and (30) holds, then T is bounded from L. to L.*.

The proof is based on

LEMMA 4. Let {T}}, j=0, +1, +2,..., be a family of linear operators on measur-
able functions on R satisfying

(€29 IT:flles < Alflpry 1Sr<psqgsssoo,

and such that T,f(x)=0 unless the support of f has a nonempty intersection with
{y:22|y|<2*Y} and 2~ < |x|<2/*2 If w20 is a “weight” function on R
satisfying w(x,)/w(xs) £ B for 3 |x|/|x2| £2 and T=3% _ o T}, then

(T )wle = CAB? | fiw]l,r

if p=r, q=s, then C may be chosen to be 3.

Proof. Let x, be the characteristic function of {x : 2/ < |x| <2/*1}, f;=/fx;, then

1fl,=C2x [ £1DY, also
|f3% = sup t?A(t) = sup ¢” _z ML = D 1A%

or |fll¥. = |l fill¥5)*">. Hence by the complex method of interpolation, | f]|,s
SCE | fil5s)*?, pss< oo, and by duality | f,-2 C(Z || £;|5)"? for 1 <r<p. (This
argument duplicates the proof of Lemma 3 and its corollary and the preceding
assertion could have been deduced from them.)

[ q
IT(wlG = €T 3> sup  wx)e| > T(f)
=-o 2/S|x|<2/+1 lk=7|s1 as
= Ct 3a-1 su; w(x)? T q.
j;_w oS5, W) .k.zm 1T

L

< cuB™ 3 |fmwls
H

= = 00

< G4BCY (D Ifwle)™ < (B3ABCY| fwl,.
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Proof of Proposition 7. Let T%(f)(x)=p.v. j'1,2<|x|”y|<2 K(x—y)f(y)dy, THf)
=T?(fx;). Note that for 21 < |x| <2/*2, 27< | y| <27+,

olx—y 220 x—yl S Xl <={x: 3= l/xl =2
< {xfx—yl S 3x} = {x: [x—y| < 244

Hence T?(f)(x)=0 unless 2/~ < |x| <2/+2 and

ITP(NH)| =

pv. | L KG=2O0)dy
lx-yl=2

+f2"’<lx—yl<2!+4 |QGx =) |x—y|~"f(»)| dy
= (=T~ +279-2(| Q) # f(x) where g, = > e

lk—-71=38
Hence if sup;», " T(f) “psé A| f 5 then
IT7(Olps < 24 fllor+27"9= 2] Qopyl| 1| f 1| ov
< C A+ 2L S™ DS o

Thus Lemma 4 takes care of T2=>72 _,, T7.
Let x denote the characteristic function of (0, 1). It remains to consider the
kernels

Kiy(x, y) = K(x, y)X(2|x|"1|y|), Ki(x, ) = K(x, y)X(2|x| lyl_l)'

Let also T'f(x)=[ K(x, y)f(»)dy for i=1,3. If O0<a<n/p’ then |Ki(x,y)|<
2°|Q(x—y)| [x—y|~"**|y|~* and so if 1 <p<oco then

1T = 1AQL-I7**) * (- 1=Dl> £ Coal Qlnin-wll [ lasm+am-
£ Coal Qlmm-wl -
If a=n/p’ >0 then
1QL-[=") = (|- [ Ppw = Coll Qs |- 177712 = Coll Q5] f|2-
Moreover for 0<a<n,
17l = Casup | Q0= )lx— | ~"x|"XIx| " ¥Dlnicn-wr1l 117 e, o

Cel Qlnn -3, f ] o-

(Hence for —n<a =<0, |T% 1= Cof Qun-1an.al f1)
In case «=0, |Ky(x, y)| 22%|Qx—p)| |x—p|="x(2|x|~*[y]) hence [K(x, -)|.
< C,|Q[;- Thus if =0 by (9) of Lemma 1, | T, = C| Q.| f]l:- Also

[K\(x, ) = (3/2) | Qx = )| [x—y| ="~ !y Ix(Ix =y ~*|¥])
hence for « <0, |Ki(+, ¥)|1 £ Cle| | Q| ;. Thus
X°Y'K,+ Y° XK, < Cle|~Y|Q]4,

IIA

IIA
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hence by Kantorovit’s inequality (2), |T%f|,=<C,||Q|.]f], for 1=p=co. By
duality if —n/p<a<O0 then |T3f|,=Cp.ol Qllnin+wlSfl» and if a=—n/p then
1T o0 = Coll Q| f 52 If 1= p <0, >0, then [T, < Call f1,-

Thus the proposition follows by collection of the preceding estimates. Note also
that since 1 <(|x|/|y])¢+(|x|/|y])~¢ for e € R, | T, = C,,(Q)| f|» holds also for
l<p<oo, a=0,g>1.

ReMARKS. If instead of the weight |x|* a weight function w(|x]) is used satisfying
the conditions: w(7)7~% is almost decreasing for some o, <n/p’ (ie., 7=7'
implies w(7")7' =% £ Cw(7)7~%) while w(7)7% is almost increasing for some o3 <n/p,
it follows similarly that if

/g £ 1—n"! max (|, |as]).

Then T is a bounded operator on L. ;
EXAMPLE. If w(7)=(r+a)*, a=0, —n/p<a<nfp’, condition (30) is still
sufficient.

It is, of course, well known that under the other assumptions T is uniformly
bounded in L?, 1<p<oco. Proposition 7 as stated, however, immediately extends
to kernels and metrics with generalized homogeneity in the sense of [20].

The proof of boundedness in L% of singular integral operators with kernel
Qx)|x|™™, QeLy(S™"*) in [25], is based on the boundedness of the integral
operator associated with the kernel

(32) H(x, y) = [Qx—=y)| [x—y|=*1 = |x]|*|y] =)

This kernel may be of independent interest. Proposition 8 shows that the condition
q>2(n—1) can be replaced by ¢>n or rather Q € L»(S™~1).

LeMMa 5. Let S;={x:1/25|x|<2}, S;={x:1/4=5|x|<4}, fA(¥)=f(A), T
linear, such that supp (f)< S, implies supp (Tf)<S,, T(f*)=A""(Tf)* and, for f
supported in Sy, ||If | o< A fllpu where 1 Sr< o0, 1/g=1/p—1/r', u<p, v2q. Then
|Zf | v = CA|lf || pu for any f € LP* (if u=p, v=¢q then C can be taken to be 3).

This follows from Lemma 4. Put T, f=T(fx,)-
Lemma 5 and Kantorovi¢’s inequality imply

LEMMA 6. Let X=Y=R", K(x, y) be homogeneous of degree —n and vanish unless
1=|y|/|x| £2. Suppose also

max ( sup f |K(x, y)| dy, sup f |K (x, )| dx) =M < oo.
yzsiyl<z 12s1x1<2

1/4=1x]<4 1/4slvi<4

Then |Tf |, =3M | f|, for 1Sp=co.
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Now returning to the kernel H of (32),

su I—|x[*[y|~¢] |Qx— -yl d
1,4§,g<4fmw| Ix[*|y]~4] |QG—)| [x—y|-" dy

“—|x|* | [Qx—y)|
<o s f | [y)*= x| | | J
vasinse Jiaswiss II=X[T =t @
< C, sup f |Qx—y)| |x—y|~"*tdy
IxI=4 Jjyls2

sc | a0yl
lvl=6
= Cool (- 1/O)la,alll- 17"+ 2% 1/6) [ a1cn - 13,0
«é CYI,GHQ"ﬂ,I'
Consequently there holds the following

PROPOSITION 8. Suppose Q is homogeneous of degree 0, Qe L™(S™"~1)NLY(S™"1?),
and q satisfies (30), then for H defined by (32),

|[#C. 1) ] 5 Cri@lft.

(There are analogous weaker conclusions if p=1, a= —n/p or a=n/[p’.)

In view of what was said about the kernels K;, K; in the proof of Proposition 7
it may only be required to observe that, by the remark at the end of the proof of
Proposition 7, |Q(x—y)| [x|7"x(2|»| |x|~?) and [QCx—y)| |y|7"x2|x] ||,
that is, K;, K3 with «=0 give rise to integral operators of type (p, p) if 1 <p <oco.

5. On a generalization of Schur’s inequality. It may be worth pointing out that
the proof of Strichartz’s generalization of Schur’s inequality (§1 of [25]) is implicitly
based on Young’s inequality for convolutions on the multiplicative group of
positive real numbers R} and two general simple lemmas.

Young’s inequality for convolutions on R} is equivalent to

LEMMA 7. If the function K on R, x R, is homogeneous of degree —1/r, and
satisfies

f |K(L, p)'y"® "t dy = M" < o0
V]
and the linear operator T is defined by Tf(x)=[ K(x, y)f(y) dy, then |If|,= M| f|,

(norms are taken with respect to Lebesgue measure) provided p, q, r satisfy 1 <p, q,
r<oo, 1/g=1/p+1/r—1.

In fact Young’s inequality applied to ¢ * )(x)= J' © @(xy~W(y)y~* dy where
o(x)=f(x)x1?, J(x) =g(x)x*" says

|[ecr eyt a| s inlgl.
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Now set g(y)=K(1, y~1)y~2*"~1I" then the left-hand side of the preceding inequality
becomes || Zf ||, by homogeneity of K while

lel = J IK(1, y=)ly=" -t dy = L |K(1, )y =t dy.

]

LeMMA 8. Let | K||[L?, L] denote the (quasi-) norm of the operator T, (Tf(x)=
| K(x, y)f(») dy) from L*(Y) to LYX). Suppose X=X,x X;, Y=Y, x Yo, then
forqz1

IKNIL?, L] < || | K] LP(Y), LAXD]|| [L*(Y2), LA(X3)],
Where, Of course, "K" [Lp( Yl)s Lq(Xl)](x29 y2) = " K(( *y x2)’ ( ’ y2)) " [Lp( Yl)’ Lq(Xl)]°
Proof. By Minkowski’s inequality for integrals

H [[C2 3592703 9 sy

q

< | [[1EC, - LD, LA, 32l s
< || |KILP(Yy), LA(XD[LP(Y2), LYX)] | f]o-

LEMMA 9. Suppose furthermore X,=Y,=G, a compact or locally compact
abelian group, dx,=dy,=dg denotes Haar measure and

q

K(xy, X2, y1, ¥2) = L(x1, y1, X2¥3%) 2 0, p=qzl
Then

IKI L7(Y; % G), L7(X; x G)] = H [, 0d “ (s, L7].
Proof. For ¢, € L?(Y,), ¢, € L (X}) let
lppun(8) = f f L(xs, y1, £)pr(yo)bs(x) dyy dxs.
1 1

Since for £2 0 it is well known that sup {||h * f|, : || f], < 1}=[, h(g) dg, it follows
that

[, 200 erde |izzcr, Loy

sup {fxl J;ﬁ L(xy, y1, 8)pr(x)¥1(y1) dg dxy dyy = |@sllps [#allpr S 1,
P, 2 0}
Sup {L L Ioro (%25 Dpa(yaWba(Xa) dya dxs : @il iller < 1,
@20, 420,i= 1,2}

IA

IKIILA(Y1 % G), L*(X; % G)].
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The reverse inequality follows from Lemma 8 with X;, Y;, X,, Y, replaced by
G, G, X, Y, respectively.

Asin [25]let now X, Ybeconesin R*, X'=X N S"~1 Y'=Y N S"~1, Suppose
K(Ax, Ay)=A"™"K(x, y) for A>0. Write

e (7 Ko, sy) ey dy ds
V] Y’
= f f rasMP K(rx’, sy')[s™?f(sy")] dy’ ds/s.
o Jy
It is seen that | If|,< M| f|, is equivalent to
T2 [LYX" x RY)] £ M| g[[L>(Y’ x R)]
where T is defined by K(rx’, sy’)=r"%"*K(rx’, sy"), g(sy’)=s"?f(sy’) and X', Y’

R} are provided with euclidean surface measure and multiplication invariant
measure respectively. Hence by Lemmas 7 and 8

9 177 s [ 1KC, N0, LG = a1,

which is a slight simplification and generalization of Corollary 1 of Theorem 1 of
[25]. If K=0 and p=gq then by Lemma 9

(L (Y"), L*(X")] = | K|[L?, L7].

JW K(-, s-)s"7 -t ds
o

The following restricted weak type results are related to (33) and could be used
to prove results at the endpoints of the intervals for «, 8, 1/p, 1/q in the weighted
norm estimates for fractional or singular integral operators.

LeMMA 10. Let K be defined on R . x R, homogeneous of degree —1/r, 1 Sp <o,
|K(1, -)|¥ =M and T is defined as before then

(34 1717 = pM| 113

provided 0= 1/q=1/p+1/r~1. For K20, pM cannot be replaced by any smaller
constant.

This might be considered as a supplementary remark to Lemma 3 of [6] and can
be proved as follows.

fo " KGs, O 170 dt = f " KL, tfs)sMrf(e) dt < UM f " (t]s) " FH(e) dt

_ g-lreimpp '[ SHOP dtft = s~ Yp M| £ 3.
]

Also for f=f*, K(1, t)= Mt~ Y7 equality holds throughout.
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PRrROPOSITION 9. Let K(x,y) be positively homogeneous of degree —njr, p=1,

g>1, 1/g+1/p’=1/r and |K'|[LP(Y"), LA(X")]=A where
K'(x', y) = K&, ()")|*IL”*(R4)].

Then T is of restricted weak type (p, q) and in fact
35) 1T = Apn=22"=2a| £ 3.

Proof. Let o(sy") =f(s'"™"), (To)(rx")=(Tf)(r'' *x’). Then
(G6)  lel* LY xR, = n®?|fl}, | Te|*[L*=(X’ x R.)] = n*|Tf | ¥a
where R, is provided with Lebesgue measure. For f(s**y") on (R,,n"tds) is
equimeasurable with f(sy’) on (R,, s~ ds). Also

(Te)rx') = n? f K(ri"x', sy )p(sy’) dy' ds.

s""lxR,
Hence by Lemma 3 and its corollary
| Tel*[L*=(S™~* x R = | | Tol*L*=(RIIIILYS )]
JIECL M0 =R o, MR
< n7'pA| o *ILPHRIIILA(S™~H)]
< n~ipA||g|*[L*(S""* x R,)]
where g > 1 was needed to apply Minkowski’s inequality for integrals (see the proof

of Lemma 8). This together with (36) implies (35).
The special case g* =¢* =p*=s* of the following lemma is Lemma 1 of [25].

LemMmA 11. Suppose for T,f(x)=[ |K(x, Y)|"f(¥) dy, |T,f|lqorr S M| f]|pose then
|Tf | = BM| f || ps where B is a constant depending on r, p*, q*, s*, t* and

(37 l=r<ow, p=rp*(1+r-1p*)"
s=rs*(1+@F—-Ds*)"Y, g =rg* t = rt*.
Proof. Let fe L. It can be assumed that K, f=0 and f is simple. Then if

SnYp [L(S™~1)]

(3% Ip =1/po+1/ps, s =1/so+1/s;  (ps, 5 > 0),
then by [13, §3] there exist (simple) H,, H, =0 such that f=H,H, and
(39) [Hillps, = B(|f]pe)" fori=0,1.

Hence

17 s ([Keyya0y ) ([ 07 @)

1Tf lee = ITCH) " el Holly = |T(HE) 3 b1l Hall o
= M||H5||v‘8'||H1"1’ = M"Houp'r.s'r"HIHr'°

By the second and third relations of (37), po=p*r, p.=r', so=s*r, s;=r' satisfy
(38) and the assertion follows from (39).
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